Abstract. For arbitrary compact quantizable Kähler manifolds it is shown how a natural formal deformation quantization (star product) can be obtained via BerezinToeplitz operators. Results on their semi-classical behaviour (their asymptotic expansion) due to Bordemann, Meinrenken and Schlichenmaier are used in an essential manner. It is shown that the star product is null on constants and fulfills parity. A trace is constructed and the relation to deformation quantization by geometric quantization is given.
Introduction
By Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer in 1977 the important concept of quantization given by deforming the algebra of functions in "direction" of the Poisson bracket was introduced [1] . Clearly the intuitive concept of -depending "deformation" of classical mechanics into quantum mechanics was around earlier (e.g. Weyl quantization). But in their work a mathematically very precise meaning was given to it.
Since this time the existence of a deformation quantization for every symplectic manifold was established in different ways. Some of the persons involved were De Wilde and Lecomte [11] , Fedosov [15] , and Omori, Maeda and Yoshioka [27] . Quite recently this was extended to every Poisson manifold by Kontsevich [21] . Classification results are also available [4] , [13] , [26] , [14] , [36] .
Even if there is now a very general existence theorem it is still of importance to study deformation quantizations for such manifolds which carry additional geometric structures. From the whole set of deformation quantization one is looking for one which keeps the additional structure. In this spirit the article deals with the deformation quantization of compact quantizable Kähler manifolds. It was shown 1993 by Bordemann, Meinrenken and Schlichenmaier [6] that for compact quantizable Kähler manifolds the by Boutet de Monvel and Guillemin are given. They are employed in Section 4 for the construction of the deformation quantization (the star product), i.e. the proof of Theorem 2.2. In the concluding Section 5 additional properties of the star product are discussed. It is shown that we have 1 ⋆ g = g ⋆ 1 = g, i.e. that the star product is "null on constants" and that it fulfills the parity condition. A trace is constructed. By a result of Tuynman for compact Kähler manifolds the geometric quantization can be expressed in terms of the Berezin-Toeplitz quantization. Using our theorem we see that the geometric quantization yields also a star product. This star product is equivalent to the constructed one. The Berezin-Toeplitz star product will be a local star product given by bidifferential operators. It will have the property of "separation of variables". The locality is not shown in this article. The details of the proof are not completely written up [19] . To be on the safe side one might choose to call locality to be conjecturally true.
The Set-Up and the Main Result
Let (M, ω) be a compact (complex) Kähler manifold. It should be considered as phase space manifold M with symplectic form given by the Kähler form ω. Denote by C ∞ (M) the algebra of (arbitrary often) differentiable functions. Using the Kähler form one assigns to every f ∈ C ∞ (M) its Hamiltonian vector field X f and to every pair of functions f and g the Poisson bracket:
With the Poisson bracket C ∞ (M) becomes a Poisson algebra. Assume (M, ω) to be quantizable. This says that there exists an associated quantum line bundle (L, h, ∇) with holomorphic line bundle L, Hermitian metric h on L and connection ∇ compatible with the metric h and the complex structure such that the curvature of the line bundle and the Kähler form ω of the manifold are related as
Equation (2) is called the quantization condition. If the metric is represented as a functionĥ with respect to local complex coordinates and a local holomorphic frame of the bundle the quantization condition reads as i ∂∂ logĥ = ω .
The quantization condition implies that L is a positive line bundle. By the Kodaira embedding theorem L is ample, which says that a certain tensor power L m 0 of L is very ample, i.e. the global holomorphic sections of L m 0 can be used to embed the phase space manifold M into projective space. Note that the embedding is an embedding as complex manifolds not as Kähler manifolds. The embedding dimension is given by the Hirzebruch-Riemann-Roch formula. Hence, quantizable compact Kähler manifolds are as complex manifolds projective algebraic manifolds. The converse is also true, see [31] , [2] . In the following we will assume L to be very ample. If L is not very ample we choose m 0 ∈ N such that the bundle L m 0 is very ample and take this bundle as quantum line bundle and m 0 ω as Kähler form for M. The underlying complex manifold structure is not changed. Please note that for the examples of moduli spaces mentioned in the introduction there is often a natural ample or very ample quantum line bundle.
We take the Liouville measure Ω = 1 n! ω n as volume form on M. On the space of
we have the scalar product and norm
Definition 2.1. For f ∈ C ∞ (M) the Toeplitz operator T f is defined to be
In words: One takes a holomorphic section s and multiplies it with the differentiable function f . The resulting section f · s will only be differentiable. To obtain a holomorphic section one has to project it back on the subspace of holomorphic sections.
The linear map
is the Berezin-Toeplitz quantization map. Because in general
it is neither a Lie algebra homomorphism nor an associative algebra homomorphism. From the point of view of Berezin's approach [3] the operator T f has as a contravariant symbol f (see also [34] for relations to Berezin's covariant symbols).
This defines a map from the commutative algebra of functions to a noncommutative finite-dimensional (matrix) algebra. The finite-dimensionality is due to compactness of M. A lot of classical information will get lost. To recover this information one should consider not just the bundle (L, ∇, h) alone but all its tensor powers (L m , ∇ (m) , h (m) ) and apply the above constructions for every m. Note that ifĥ corresponds to the metric h w.r.t. a holomorphic frame s of the bundle L thenĥ m corresponds to the metric h w.r.t. to the frame s ⊗m for the bundle L m . In this way one obtains a family of matrix algebras and a family of maps
This infinite family should in some sense "approximate" the algebra C ∞ (M).(See [5] and the discussion on strict quantization below.) for a definition of such an approximation.) Indeed this family has the correct semi-classical behaviour as is expressed in Theorem 2.3 below.
It also allows to construct a deformation quantization. A deformation quantization is given by a star product. I will use both terms interchangeable. To fix the notation and the factors of i let me recall the definition of a star product.
the algebra of formal power series in the variable ν over the algebra
where f, g ∈ C ∞ (M). We can also write
with
The C j should be C-bilinear in f and g. The conditions 1. and 2. can be reformulated as
and
The aim of this article is to show the following Theorem 2.2. There exists a unique (formal) star product on (10) in such a way that for f, g ∈ C ∞ (M) and for every N ∈ N we have with suitable constants
This theorem has been proven immediately after [6] was finished. It has been announced in [31] , [33] and the proof was written up in German in [32] . In Section 4 I will supply the proof.
Instead of writing (11) we will sometimes use the more intuitive notation
The asymptotics should always be understood in the above precise sense.
In the proof the results expressed in the following theorem are needed. Denote by ||f || ∞ the sup-norm of f on M and by ||T
These results are contained in Theorem 4.1, 4.2, resp. in Section 5 in [6] . Note that part (c) also follows from (11) for N = 1 and generalizes trivially to finitely many functions.
Our result does not prove a strict deformation quantization in the sense of Rieffel [29] . But it is a strict quantization (see for the definition [22] , [30] ). Let I := { (14) the additional condition for a strict quantization is also fulfilled. Due to the compactness of M the maps T (1/ ) f for = 0 are never injective. Hence the strict quantization is not faithful at a fixed level , only in the limit → ∞.
In [5] and [6] the notion of L α , resp. gl(N), resp. su(N) quasi-limit was used for this concept. It was conjectured in [5] that for every compact Kähler manifold the Poisson algebra of function is a gl(N) quasi-limit. This was proven in [6] . This result is of special interest in the theory of membranes.
There is another geometric concept of quantization, the geometric quantization introduced by Kostant and Souriau. But for compact Kähler manifolds due to Tuynman [35] (see also [5] for a coordinate independent proof) they have the same semi-classical behaviour
is the well-known operator of geometric quantization (with respect to the quantum line bundle L m ) corresponding to the prequantum operator P
In (16) ∆ is the Laplacian with respect to the Kähler metric given by ω. In Section 5 I will show that this allows to define a deformation quantization via the operators of geometric quantization. It will be equivalent to the Berezin-Toeplitz deformation quantization.
Toeplitz Structure
In [6] the set-up for the proof of the approximation results was given. Here I use the same setting. Let me recall for further reference the main definitions. A more detailed exposition can be found in [32] . Take (U, k) := (L * , h −1 ) the dual of the quantum line bundle, Q the unit circle bundle inside U (with respect to the metric k) and τ : Q → M the projection. Note that for the projective space with quantum line bundle the hyperplane section bundle H, the bundle U is just the tautological bundle. Its fibre over the point z ∈ P N (C) consists of the line in C N +1 which is represented by z. In particular, for the projective space the total space of U with the zero section removed can be identified with C N +1 \ {0}. The same picture remains true for the via the very ample quantum line bundle in projective space embedded manifold M. The quantum line bundle will be the pull-back of H (i.e. its restriction to the embedded manifold) and its dual is the pull-back of the tautological bundle.
In the following we use E \ 0 to denote the total space of the vector bundle E with the image of the zero section removed. Starting from the functionk(λ) := k(λ, λ) on U we defineã := 1 2 i (∂ − ∂) logk on U \ 0 (with respect to the complex structure on U) and denote by α its restriction to Q. Now dα = τ * ω (with d = d Q ) and µ = 1 2π τ * Ω ∧ α is a volume form on Q. With respect to this form we take the L 2 -completion L 2 (Q, µ) of the space of functions on Q. The generalized Hardy space H is the closure of the functions in L 2 (Q, µ) which can be extended to holomorphic functions on the whole disc bundle. The generalized Szegö projector is the projection
By the natural circle action Q is a S 1 -bundle and the tensor powers of U can be viewed as associated bundles. The space H is preserved by this action. It can be decomposed into eigenspaces H = . It turns out that this identification is an isometry. Recall that L 2 (M, L m ) has a scalar product given in an corresponding way to (3) . Restricted to the holomorphic objects we obtain an isometry
There is the notion of Toeplitz structure (Π, Σ) as developed by Boutet de Monvel and Guillemin in [9] , [16] . What is needed from there are only the following facts. Π is the Szegö projector (18) . The second object is the submanifold
of the tangent bundle of Q defined with the help of the 1-form α. They showed that it is a symplectic submanifold. A (generalized) Toeplitz operator of order k is an operator A : H → H of the form A = Π · R · Π where R is a pseudodifferential operator (ΨDO) of order k on Q. The Toeplitz operators build a ring. The symbol of A is the restriction of the principal symbol of R (which lives on T * Q) to Σ. Note that R is not fixed by A, but Guillemin and Boutet de Monvel showed that the symbols are well-defined and that they obey the same rules as the symbols of ΨDOs. In particular we have the following relations
In our context only two Toeplitz operators appear: 
Proof of Theorem 2.2
Let the notation be as in the last section. In particular, let T f be the Toeplitz operator, D ϕ the operator of rotation, and T (m) f , resp. (m·) their projections on the eigenspaces
The construction is done inductively in such a way that
1 There should be no confusion with the operator T f = T T C N (f,g) ) is of order 0 and hence exactly of the form given in (22) . The induction starts with
Hence, C 0 (f, g) = f · g as required. It remains to show statement (11) about the asymptotics. As an operator of order zero on a compact manifold A N is bounded. Hence the same is true for all its restrictions A (m)
. If we calculate them we obtain
After dividing by m N Equation (11) follows. Bilinearity is clear.
4.2.
The Poisson structure. The relation C 0 (f, g) = f · g was proven above. To show the 2. formula in (9) we write explicitly (25) for N = 2 and the pair of functions (f, g):
A corresponding expression is obtained for the pair (g, f ). If we subtract both operators inside of the norm we obtain (with the triangle inequality and suitable
Dividing by m and multiplying with i we obtain
Using the asymptotics given by Theorem 2.3(b) for the commutator we get
Taking the limit for m → ∞ and using Theorem 2.3(a) we get
Hence {f, g} = i (C 1 (f, g) − C 1 (g, f ) ). This shows (9).
The uniqueness.
It is proven by induction using the asymptotics (11) . Let C j (f, g) andC j (f, g) be two such systems of bilinear maps fulfilling the required properties. Assume C j =C j for j ≤ N − 2. If we subtract the corresponding expressions in (11) and use the fact that T (m) is linear we obtain
4.4. The associativity. The proof employs the associativity of the operators used to construct the star product and again Theorem 2.3 (a). The relation f ⋆(g⋆h) = (f ⋆g)⋆h can be rewritten in relations for the maps C j :
Hence it is enough to apply the Toeplitz operator T (m) to the relation (33) and study the asymptotics of T left hand side − T right hand side . This is done by induction over k.
Assume the claim to be true up to level k − 1. The equation (11) for 0 ≤ r ≤ k multiplied by m r (N = r + 1) yields
Here the symbol O( 
Summation over l yields
The second sum can be rewritten as
For such sums we know by induction that (33) 
By splitting the first sum into l = 0 and l ≥ 1 and using for the l = 0 term the asymptotic (34) we obtain
A corresponding expression follows for the second sum. As difference remains
Now we ended up with operators which are clearly associative, The operator coming with the m k term vanishes. Hence associativity follows from Theorem 2.3 (a).
Additional Properties
The introduced star product has important properties.
5.1.
Unit. The unit of the algebra C ∞ (M), the constant function 1, will also be the unit in the star product. Such star products are sometimes called to have the property "null on constants". Proposition 5.1. For the above introduced star product we have
Equivalently,
. Further with (22)
Hence the symbol of A 1 vanishes. But this implies C 1 (1, g) = 0 = C 1 (g, 1). The claim follows by trivial induction from (22) .
Parity.
A star product is said to fulfill the parity condition if
Considering the formal parameter to be real (ν = ν) this is equivalent to
We will show Proposition 5.2. The above introduced star product fulfills parity.
For the scalar product we calculate (Π (m) is the projector defined in (17)) 49) is given via the asymptotic expansion of
For the asymptotic expansion of the last expression we have
But this is the complex conjugate of the asymptotic expansion which defines f ⋆ g. This shows (45)
By the parity condition we have on C ∞ (M) [[ν] ] an anti-involution given by pointwise complex conjugation on the functions, and by considering the formal parameter to be real (ν = ν).
Locality and Separation of Variables.
Recall that a star product is local if for all f, g ∈ C ∞ (M) the support supp C j (f, g) is contained in supp f ∩ supp g for all j ∈ N 0 . Using Peetre's theorem and the fact that the C j are bilinear this implies that for a local star product the C j can be given by bidifferential operators.
Using the fact that the projection operators Π (m) can be expressed with the help of Berezin-Rawnsley's coherent states and the fact that the coherent states are "localizing" for m → ∞, it is possible to show that the above star product is local. The details are not written up [19] . Hence I prefer to call this statement conjecturally true.
From the expected behaviour it follows that the star product can be restricted to open subsets and defines compatible star products there. For such star products Karabegov introduced the notion of star products with separation of variables [18] (Bordemann and Waldmannn [7] called them star products of Wick type). In our convention this reads as f ⋆ k = f · k and k ⋆ g = k · g for (locally defined) holomorphic functions g, antiholomorphic functions f and arbitrary functions k. The above introduced star product will be a star product with separation of variables (assuming locality).
More precisely, we expect that the C j are bidifferential operators of degree (j, j) with only holomorphic derivatives in the first entry and only antiholomorphic derivatives in the second entry. See Section 5.5 for examples. 
This result can also be found in [6] . There it was given only with a hint of its proof. Because it is central for the following let me give the details.
Proof. Let us start with a real valued f . Then the operator T f and the components T be the eigenvalues of the restriction of T f on H (m) . In particular, these are also the
be the discrete spectral measure. By Theorem 13.13 of [9] it converges weakly to the limit measure
with a universal constant γ M only depending on the manifold M. An important intermediate result there is the asymptotic expansion (Equation 13.13 in [9] )
To calculate γ M we evaluate (56) for f ≡ 1 (i.e. T (m) f = id) and obtain In particular the coefficient depends only on the dimension of M. This shows the claim for real valued f . For complex valued f it follows from linearity by considering real and imaginary part separately. In [25] for M the restriction ω F S|M of the Fubini-Study Kähler form was used to define the volume. Here we have to work with the form ω. Because the deRham classes of both forms coincide and because the Kähler forms are closed the volume will be the same. The first two terms calculate as
where the C j are the coefficients of the Berezin-Toeplitz star product. In particular the conditions (9) are fulfilled for the D's. Hence, this defines indeed a star product.
In fact more is valid. If we introduce the linear maps Note that B(f ) mod ν = f , B(1) = 1 and that B is invertible. The inverse is given by
Recall that two star products (over the same manifold) are equivalent if there exists a C[[ν]]-algebra isomorphism inducing the identity on the zero order part. This implies Proposition 5.6. The star product of geometric quantization is equivalent to the star product of Berezin-Toeplitz quantization.
